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ABSTRACT: This paper deals with the generalization of the standard equation for scattering, 1/8(q) =
1/8%q) + V, to multicomponent polymer systems and shows that the same result holds if it is written in
matrix form. Three different methods are used: the Ornstein-Zernike formalism, the Random-Phase
Approximation, and the Edwards Hamiltonian method. We compare these three methods in order to see
how they work for multicomponent polymer systems. As a side result, we rederive the Flory-Huggins free
energy without using a lattice model, and we generalize this to take into account Gaussian fluctuations in

multicomponent systems.

1. Introduction

The properties of multicomponent polymer systems are
the subject of intensive investigations because of their
potential applications and the number of fundamental
questions that are raised when one deals with the
correlations between various species in the systems.1™ One
of the most challenging problems comes from the coupling
of intra- and intermolecular correlations. Several methods
have been proposed to solve this problem, and the main
purpose of this review is to present and compare three of
them.

(i) The first method is based on a direct extension of the
Ornstein-Zernike (0OZ) formalism to macromolecular
systems. This method was developed in simple liquid
theories® along with diagrammatic techniques and was
shown to be very useful for macromolecular systems by
Benoit and co-workers® and Curro and Schweizer.”

(ii) The second method uses the Random-Phase Ap-
proximation (RPA) and was first suggested by Pines and
Noziéres from strongly interacting electron systems.® Its
extension to polymer systems was due to de Gennes! and
later developed substantially by Leibler.?

t Permanent address: Physics Department, University of Tlem-
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(iii) The third method uses the Edwards Hamiltonian
and is more familiar among field theorists and functional
analysts. It has been intensively used to investigate equi-
librium properties of polymer systems.®1!

In this paper we rederive, using these three different
methods, the general result for multicomponent polymer
systems®6.12,13

SHa) =8, (@ +V (1a)

where S(q) and Si(q) are the total and bare structure
matrices, respectively, V is the interaction matrix, q is the
magnitude of the wave vector q = (4x/2)[sin (§/2)], N is
the wavelength of the incident radiation, and 6 is the
scattering angle. The equation for a binary polymer-
solvent system was first derived by Zimm by using the
single contact approximation.!4 It can be written in the
form

S @) =8, (@ +V (1b)

where V = 1/, — 2xps, @5 i8 the volume fraction of solvent,
and xpe is the polymer-solvent interaction parameter. In
the case of a binary mixture of two homopolymers r and
o, the corresponding result was derived by de Gennes using
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the Random-Phase Approximation!

S(q) = S%q)™" + S%a) " - 2x,, (1c)
Equations 1b and 1c are usually referred to as Zimm'’s and
de Gennes’ formulas, respectively. Thisreview is the first
of a series that will deal with the applications of eqs 1la-1c
to various systems made of polymer mixtures.

2. Definitions and Notations

In a scattering experiment, one measures the intensity
I(q), which is given by

I(q) = aS(q)-a (@)

where a = col (a, ..., a.) is a column vector whose elements

a, are the scattering lengths of monomers o, aT is its

transpose, and 2z is the number of components. S(q) is a
2 X z square matrix whose elements S,.(q) are defined by

S,.(@) = (pgely) (3a)

where pg is the density of monomers of species o. In the
discrete representation, we have

n* N
o= 33 e b
a=l iEa
and in the continuous representation
n'
Noi iaRoo
PEDIN N T (3c)
a=]

Here R_; or R (s) denotes the position of a monomer (i or
s along the chain) belonging to chain « of type ¢. There
are n° chains of type o per unit volume, and their degree
of polymerization is N,. Then substituting eq 3b or eq 3¢
into eq 3a yields
a* nt N, N,
S@ =D D 0 Y (BRI (g5
a B i€ajEB
or

S”(q) = ”Z'nzf J:)N'ds J; N’dsl ( eiq-[Ba'(l)'Rp'(J')]> (4b)
a B

The symbol {...) designates an equilibrium average in the
interacting system. The elements of the bare structure
matrix S have exactly the same definitions, but the equi-
librium average is taken with respect to the distribution
function in the noninteracting system (i.e., intramolecu-
lar distribution function). When we deal with a solution
where the solvent has been taken out of the matrix
formulation by the use of an incompressibility condition,
the interaction matrix V represents the usual short-range
excluded-volume matrix. It can be expressed in terms of
the solvent volume fraction ¢, and the Flory-Huggins
interaction parameters x,, &8s

V=(1/¢)E-«a (5a)

E is a square matrix where all elements are units; « is a
square matrix of the same order with elements

Uy = Xop F Xy~ Xor(1 = 8,,) (5b)

The Kronecker delta function é,, is introduced to ensure
that x,, = 0, as it should. These quantities will be defined
later in terms of real potentials. In the first and second
methods, we shall use the discrete representations, but
the Edwards Hamiltonian method is used more commonly
with the continuous representation of monomers along
chains. Therefore, we shall keep this representation here
also.
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{a) 3]
Soolq) = S3lq) + 153 (q)
HO’U

(o) (T)
Sd{(q) = + s; (q]
HU!

{t) 1.}
S,olq) = S3q) + s°(q)
Heo

Figure 1. Diagrammatic representations of eqs 7a-7c (two-
component systems).

3. Ornstein-Zernike (OZ) Formalism

Here we shall present this method in a slightly more
systematic way than has been applied before. We note
that the partial structure factors S,.(q) of eq 4a can be
written as a sum of two terms: one describes intramo-
lecular correlations and gives rise to S° (q), and the other
describes intermolecular correlations. We introduce the
correlation matrix (intermolecular) H to designate them:
Therefore, we write the standard equation, which is first
in the OZ formalism:

S(q) = S,(g)[1 + H(q)] (6)

where 1 is the unit matrix. For homopolymers, this
equation gives (z-component system)

S,.(@) =S%q) + S%a) H,,(@ (7a)
S,.(a) =S%q) H,.(0) (7b)
S,.(@ =8)@) H,(q) (7c)

The diagrammatic representation, which illustrates the
normalization with respect to the intramolecular factor,
is given in Figure 1.

For copolymers, the matrix Sy has nonzero off-diagonal
elements, and the interspecies correlations are found both
in intra- and intermolecular functions. For a two-
component system, eq 6 gives explicitly

S,.(@) = 8%q) + S%q) H,,(@) + 8% (q) H,,(a) (82)

and

S..(@) = 8%,(@) +8?,(a) H,,(a) + 8)(@) H,, (@) (8b)

The expressions for S,,(q) and S? (q) can be deduced by
interchanging the indices ¢ and 7. The diagrammatic
representation of these two equations is given in Figure
2.

The second step in the OZ formalism is to introduce the
direct correlation matrix C, which is related to H by the
well-known relationship

H=C+H.C (9a)
or equivalently

H=(1-07C (9b)
where we note that factors such as n° and N, are lumped
into the definition of C. One can also introduce direct
and total correlation functions between monomers denoted
C(oyi; ) N (o ; -y, respectively. (a,i; 7,j) is the correlation
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Figure 2. Diagrammatic representations of eqs 8a and 8b
(diblock copolymer ¢7).
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Figure 3. Diagrammatic representation of eq 11 for homopoly-
mers.

between monomer i on chain ¢ and monomer j on chain
7. These monomer-monomer correlation functions are
related with the interspecies correlation functions by the
following equations:

N, N,

H, =29 hiin (10a)
[
N, N,

Cor =D Cioisrir (10b)
[

Furthermore, we assume that h and ¢ are related by the
usual OZ equations:!®

N.
Poisrp) = Cloiirpy + Z;Cw; wlosgy (A1)
y €y

We can obtain a similar equation for intraspecies corre-
lations h(,; »;). This equation can be illustrated by the
diagram of Figure 3.

Equation 11 is valid for homopolymers and copolymers
without distinction. It was illustrated for homopolymers
in Figure 3 for simplicity. We note the summation over
all species v present in the mixture including ¢ and . If
only two species, ¢ and 7, are present, then the right-hand
side of eq 11 contains three terms, two of them corre-
sponding to ¥ = ¢ and vy = 7. Summing both sides of eq
11 over all monomers i and j and using eq 10 and the
following approximationl®

N, N, N
ch; = Z:Cw; ) (12)
i i
we obtain

H, =C, +) C,H, (13)
Y

which corresponds to eq 9a in matrix form. Substituting
eq 9b into eq 6 yields

S(a) = Sy(@)[1-C]™ (14a)
The reciprocal form of this equation reads
S7(q) = 8, (@) - C-S, (@) (14b)

Since So(q) is always known for the system under
investigation, it remains to specify C to solve the problem
completely. In simple liquid theories,® there are several
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approximations that relate C to H in addition to the OZ
equation (eq 13), thereby closing the set. These methods
have not yet been extended to macromolecules except for
a few attempts using the Mean Spherical Approximation
or the Percus-Yevick Approximation.”!” Here we use the
following approximation, which turns out to be good for
multicomponent homopolymer and copolymer mixtures:

C =-V:8y(@ (15)

We see immediately that the combination of eqs 14b and
15 gives the expected result (see eq 1a).

To summarize this method, we note that it is based on
three equations: eqs 6,9a,and 15. The first two equations
are basically definitions of H and C. All the approxima-
tions in this model are in eq 15, which gives C in terms of
S and V. We have not used the incompressibility
condition, and we have not even specified what the system
is. This is done when we write explicitly Soand V. Inthe
next section, we describe another method, the RPA.

4. RPA

Toillustrate the steps of this method, we shall consider
the case of a ternary system before writing the general
equationin matrix form. Aside from pedagogical reasons,
the resulting equations for the ternary system will be
particularly useful in forthcoming papers.

4.1, Ternary Mixtures. Consider a mixture of three
polymer species o, 7, and v and let us write the density
fluctuations 6p,(q), ..., in response to the external per-
turbations 8U,(q), ..., etc.

8p,(q) = —x°[6U (@) + 8Uq(q) + kTx,,5p,(q) +
kT ,,00,(@)] (16a)

80,(0) = ~x"8U,(@) + 8Uy(a) + kT, d0,(0) +
kTx,,0,(@)] (16b)

8p,(q) = —x3[8U (@) + Uy(q) + ETx,,3p,(@) +
kTx.,0p,(q)] (16c¢)

The bare response functions are related to bare structure
factors by the known formula

ETx%q) =S%q); o=1,7,.. (16d)

3Uy(q) is a potential that acts uniformally on all species
to ensure the incompressibility of the total system:

dpo(q) + 9p.(q) + dp,(q) =0 (16e)

Xors €tc., are the Flory-Huggins interaction parameters
and should not be confused with the response functions.
These parameters are conceptually defined in terms of
real potentials W,, by (the precise definition of the
potentials W, will be given later)

Xﬂ'f = WU‘I' - %(Wﬂﬂ + Wff) (16f)

which is proportional to the energy required to break two
bonds oo and 77 and form bonds or. Substituting the
incompressibility condition (16e) into eq 16c gives

sU@ = -5, + ( > )-ka,,) bo,(@) +

Xy

1
-kT ) 17
(xg(q) x,.,) p.(q) (17a)

This equation defines the potential that ensures the
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incompressibility of the system in terms of its properties.
Substituting eq 17a into eqs 16a and 16b gives a set of two

equations relating the two independent variables 6p,(q)
and 6p-(q):

[1-v,,(a)] é0,(Q) - ¥,.(q) dp,(q) = -x%a) U’ (q) (17b)

~¥,.(@) 80,(q) + [1 - ¢, (@)] 5p,(q) = -x"(q) 1" (q)

(17¢)
where
(@) = %@ [=1—- 2T 18a)
Vo @ = -x%q [x;’(q> x.,.,] (18a
¢,<q>=-x°<q>[ L kTx,, -kTx, +ka.,,] (18b)
’ L@ o v
\P,.,(q)=-x?(Q)[ L _kTx, -kTx +ka.,,] (18¢)
X)) " "'

¥+(q) can be deduced from eq 18a by interchanging the
indices ¢ and 7. The potential 61" is defined as

U, (@séU, (q)-8U,(q) (18d)

One can see the connection between ¥’s and the direct
correlation functions in the preceding model by defining
the quantities

1

UJdq) = 2@ = 2X 4y (19a)
U, (q) = S?,tq) = Xoy = Xoy ¥+ Xor (19b)
Equation 18 becomes
¥,o(@) = -U,(@) 83(@) (20a)
¥orl@ = -U,(q) 83(a) (20b)
¥rol@) =-U,,(@) S3(a) (20c)

or in matrix form

¥(q) = -U(q)-S,(q) (20d)

Solving egs 17a-17¢, one can obtain the total structure
factors S,,(q) in the interacting system:

-kTép,(q) = 8,,(q@) $U' (@) + 8,,(q) U (@) (21a)
-kTop,(q) = S,,(q) 8V ,(q) + S,.(q) $U" (@) (21b)

The results are
S,.(@) = 8%@)[1+ U@ S%@]/D(@  (220)
S,.(@) = 8%a)[1 + U,(@) 8%@)]/D(@)  (22b)
S,.(@) = 8,,(a) =-U, (a) S3q) S%a)/D(@) (22¢)

where the denominator D(q) is the determinant of eqs
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17b and 17¢c:

D =[1+U, (0 SS(Q)][I + U, (@) S%q)] -
U, (q) S%q) S%q) (22d)
If component v is a solvent

8% =, (238)

and we have the known results where U,, etc., coincide
with the ordinary excluded volume parameters. U = V;
in this case, eqs 22a-22d can be written in matrix form as

S(q) = [1 + V-S,(@)] 'S (q) (23b)

which leads to eq la.

4.2. Matrix Formulation of the RPA. This formu-
lation has already been done by Akcasu and Tombakuglu?
in its dynamical version, and we only briefly reproduce
their equations. One notes that eqs 16a-16¢ can be written
in a compact form as

80(q) = —xo(@)[8U(q) + U + xdp(q)] (24)

where dp(q) = col (8p,, 005, ...), E=col (1, 1,1, ..., 1), U
= col (6U,, 8U,, ...) are column vectors. The incompress-
ibility condition in eq 16e reads

op=0; ¢ =(11,.) (25)
The procedure by which one isolates one component, say
v, by using the incompressibility condition and writing
the potential 6Ujin terms of the properties of the mixture
is done in the same way as in the preceding section (4.1).
One writes explicitly eq 21 for component v:

80, (@) = —x5(@)[8U, (@) + 8U, + kTx. 00 (@) +
kTx, 3p,(q) +...] (262)

Solving this equation for Uy and substituting the result
into eq 24, one arrives at

op(q) = —x,[8U" + kTU(q) ép(q)] (26b)
with

U, - 8U,
U, - 8U,

o' = (26c¢)

Uy - oU,

and the elements of U(q) are defined in eqs 19a and 19b.
Solving eq 26b in the form

bo(q) = ~x(@)sU’ (27a)
yields the result

$(q) =8, + U@ (27b)

and if v is a solvent U(q) = V, eq 27b coincides with eqs
la~1c. To summarize this method, we say that it is based
on eq 24, which contains the unknown and uniform
potential 5U,. This potential is expressed in terms of other
properties of the system using the incompressibility
assumption, and this leads to extracting one component
from the mixture, which will play the role of matrix or
eventually solvent. The next method is based on the Ed-
wards Hamiltonian written in terms of the collective
coordinates or monomer densities.

5. Edwards Hamiltonian Method

Our starting point is the Edwards Hamiltonian, which
is written in terms of the monomer coordinates for a two-
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components system as

3RZ(s)
B% (R2(s)) -ZZ f ”( s) ds +

0-1 aGo

ZZZZ J;N'ds J:,N'dS' W,,(R(s) - Ri(s") (28)

om] r=] aEcBET

where 8 in front of the Hamiltonian # is equal to 1/kT.
The first term represents the Wiener measure, which is
appropriate for Gaussian chains, and the second describes
the interactions between all chains of the same or different
components. Usually the interaction potentials are as-
sumed to be short ranged and replaced by pseudo-
potentials:

W, (R (s) - Ry(s") =~ W, 6((R;(s) -~ Ry(s") (29a)

where W,, is a constant describing the strength of the
potential. The formalism, however, works also for long-
ranged interactions W, (R;(s) — Rg(s)). Equation 29a is
only used for thermodynamlc forces, butif we have charged
polymers in the system, we would have to add a long-
range. Coulombic potential as

W,,(R(s) - R3(s) = D_W, (@) v BB (39p)
q

where W,.(q) varies like q~2 for bare Coulombic interac-
tions. Equation 28 can be written in a compact form as

# (R (s)]) + F# (R3(s)) + 7, (R (D) (30)

where #is the Hamiltonian of the noninteracting chains
(bare Hamiltonian) and 7, represents the interactions
between chains. {R}(s)} denotes all monomer coordinates
inthesystem and [, is the step length of species . Knowing
the Hamiltonian, one can write the partition function

Sy :DR"(s)HHe””“R <O (31q)

o=l a=l

Z({R (s)) =

[

o=1

which is a functional integral over all monomer position

coordinates {R7}. All thermodynamic properties can be
deduced from Z and in particular the free energy, which
is given by

BF = -log Z({R (s)}) (31b)

We shall discuss later in this section the connection of F
with the Flory-Huggins free energy and its extension to
include the effects of fluctuations. Our aim now is to write
the Hamiltonian in terms of the collective variables pg
because this form is more convenient than # ({R3(s))).
p was already defined in eq 3¢, and the argument q is put
in the index for simplicity in the notations. Here since we
are essentially dealing with correlations in density fluc-
tuations, we shall not make a distinction between pg and
dpq unless specified otherwise. We have

5pq = Pq - POQG(Q) (32)

where pg is the mean density of component o, Q is the
volume of the system, and 6(q) is the Dirac delta function.
For q = 0, 6pg and pq are equal.
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The partition function Z({R’(s)}) can be transformed to
collective coordinates by the followmg procedurel011.18

Z n'
2o = [ oRe ] [TTT o0 -

o=l a=1 ¢>0

N,
Z J; N,e.iq-n,'(c))e'ﬁ" (33a)

a=]

The next step is to rewrite the delta function as follows
T
f dg’ /8" 0g"Lamt™ S oNedseeR,0) (33b)
a

where we have introduced the new field variables g7,
Combining the last two equations gives

Z(o5) = f DRz(6) f g7,

eiZngll-q'ﬂq"S-q'Zaf oN'd”""‘"'("’e'm”o*‘”ll (33¢)

This functional integral can be evaluated by standard
methods. First, we mustnote that #; canbe immediately

expressed in terms of collective coordinates pq (see egs
27-29). We have

BH (02 = DD W03 (33d)
q or

We shall assume here that the W,, values are constant,
confining ourselves to short-range interactions expressed
by delta functions. The main problem is to transform #,
and the integral over monomer coordinates in the expo-
nent. The common procedure consists of expanding this
term as follows:

e Zal <" Taf NedseaB W

S

%ZZEQIE J:,N’ds foN'ds' o AR -kRyE) 4 oo
gk or af
(34a)

Putting eq 34a back into eq 33c, one can perform the
D({R;(s)}) integral, which involves in addition to eq 34a
the factor e#%o. One can easily see that the first term
gives 1, the second is 0, and the third term gives

=) D g S @ (34b)

q>0 or

where Sg,(q) is defined in eq 4b, the average being
performed with respect to the bare Hamiltonian #, and
higher order terms are neglected (Gaussian approxima-
tion): In a way, higher order terms are not completely
neglected because of the following approximation, which
is often used in polymer solution theories (as in the former
models of sections 3 and 4):

Z
o L TR
qQ or
Combining eqs 33c, 33d, and 34c gives the result
2o = f [ Doze*ed (350)

where the Gaussian integral over the field variable g has
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been performed and 7 ({p}) is finally given by
BH o) = D_pi(SL) @ + W, ), (35b)

and

S, @) =8 @+ W, (35¢)

To understand eq 35c¢, let us write the definition of S,,-
(q):

8,.(a) = (pgply) (35d)

where the average is performed with respect to the total
potential in the interacting system:

_ 1 o7 g BHog)
S = q 35
@ Z(py)) Dewpiee (35¢)
where

263 = [ D e (356)

This functional integral is Gaussian, and the result is given
in eq 35¢ or

(pply) = 8, (@) = {(8)) (@ + W, J'  (359)

This is of course the central result we are seeking by using
the Edwards Hamiltonian method. The remaining task
is to express the real interaction potentials W,, in terms
of Flory-Huggins interaction parameters x,, (which has
already been announced in eq 16f). First, we note that eq
35¢ does not take the incompressibility requirement into
account; the latter is expressed by

D p=0 (@%0) (362)
r=1
or
P+ pn=0 (36b)
=2

where we have isolated component 1 whose density is minus
the sum of densities of all other components (but any of
the z components can be isolated this way). Eliminating
py from the Hamiltonian in eq 35b gives

B (o) = ph((SI)™ + Wyl +
D oMLY+ Wy o7y + D_pL((S%) + W)l +
om2 =2

D P85+ W, )el, (360)

a,7=2

Substituting eq 36b into eq 35b, we get the Hamiltonian
in the new mixture of z - 1 components:

B’ = D el @) + U (@hl,  (372)

o,7m2
where we have introduced the interaction parameters U,,,-
(q) defined as
U, (@) =8%(@" -8\ (@"-8S% (@ + W, + W, -
Wy, - W, (37b)
If the isolated component 1 is a solvent, we have

%@ = ¢, = p{D_pd™ 37¢)

o=]
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and

S3,(@) =8%(@ =0 (37d)
Using eq 16f, we find that
War + Wll - Wla - W71 = Xor = X16 ™ Xn1 (373)
Substituting eqs 37¢-37e into eq 37b yields

1
Uar =" X1 " X1r + Xor (38)
@1

which are identical with the usual excluded-volume
parameters V., (see eqs 5a and 5b where s should be
replaced by 1). Therefore, eq 37a and 38 give the final
result, which in matrix form is identical with the general
result (eq 1a).

Before closing this section, let us make some comments
on the free energy that can be obtained from eq 35 including
density fluctuations.

6. Free Energy with Density Fluctuations

The partition function as obtained in eqs 35a and 35b
can be written as

Z(‘Pq}) = ¢ fFo f 1)pqe_Z"""’q'«swo)'l(q)-'-W,,)p_qr; (39)

where we have included the factor e-Fo describing the free
energy at ¢ = 0 and collecting combinatorial numbers
which are given by the Flory-Huggins formulal-® (see
Appendix A for details)

2 pS
BFy= 2 —logi+ L piWosi  (40a)
g=14V¥, ar

Note that to obtain the free energy of mixing a reference
state hastobe subtracted (seeref 1,p 71). Thissubtraction
of the reference state is already done if we write down eq
39. Note further that up to now we have not used the
incompressibility constraint as has been done by Olvera
de la Cruz et al.2% This incompressibility constraint can
be built in afterwards by using for the potentials W,, =
Wo + €., where Wy is the hard core potential, and taking
the limit Wy— «. Thismethod has been used in a previous
paper.13

Introducing the Flory—Huggins interaction parameter
(see eq 16f), we can derive the free energy of mixing as

Z"" log o5 + ZXWPOPO (40b)

o'-l akT
Therefore, the total free energy including the effects of
fluctuations is given by
BF = -log Z({n ) (41a)
or
BF = BF, + 2 log (Det (S, (@) + W)  (41b)
qQ>0

Replacing log (Det {}) by Tr log {} (Tr = trace) and
approximating Y, by an integral as
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one can put eq 41b in the form

BF = Z— log pg + ZX"PoPo

¢-1 (4,24

——fdsq Tr log (S° (@) + W} (42)
2r)3

It is interesting to compare this form with the local free
energy proposed by de Gennes! to investigate spinodal
decomposition in polymer mixtures, i.e.,

po(T)
BF(p.(E)) = D108 g0 + 2 _x., () p,(8) +
4 'd oFET
> K, Vo () (43)

where the gradient term is introduced to describe fluc-
tuations in the long-wavelength limit. We note that the
corresponding partition function is

Z= f Dip, (r)}ePFlese) (44)

To follow the usual procedure, we expand the free energy

around the mean S? and we denote the fluctuation ¢,(r)
by

3p,(r) = 6,(r) = =87 + S,(r) (45)
We obtain
Z = ¢Fou f DG (r)}eV/DTACF/0050 4R 100 (464)

where Fy,, is the Flory-Huggins free energy of mixing
(see eq 34b). (Remember that the reference state has
glready beensubtracted.) The final form of the free energy
is

’F
~r +d’K,,} (46b)
dp,9

-4 T

BF = BF, + ZTr log

which is an approximation of eq 42, noting that for a binary
polymer system

&*F 1 1

= + 46¢
3000, Noog N, e
and
1R Rg,’
Kk, - YR, Re (46d)
3|N,0) " N

where Rg, and Rg, are the radii of gyration of polymers
o and 7, respectively. A generalization of eq 40 was also
discussed by Akcasu and Sanchez.?! One must note,
however, that in order to describe correctly the phase
separation process, one has to go beyond the Gaussian
approximation used toarrive at eq 42. Higher order vertex
functions have been introduced by Leibler2 to investigate
the microphase separation transition in block copolymers.
The same functions were also introduced by Frederick-
son?2 to investigate similar phenomena in other systems.
Such a discussion is beyond the scope of this paper.

7. Conclusions

The purpose of this review was to rederive the general
result for the static scattering matrix for a multicompo-
nent polymer mixture by using three different methods.
The Ornstein-Zernike method was used in a slightly more
general way than the method orginally used by Benoit et
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al.é This required an expression for the direct correlation
matrix C(q), which was assumed to be given by ~V-8(q).
The second method was a static version of the dynamic
RPA matrix formulation proposed by Akcasu and Tom-
bakuglu.4 The third method was based on the Edwards
Hamiltonian representation. This paper gives a unified
picture on the way to deal with static scattering from mul-
ticomponent polymer mixtures and hints at possible
extensions to more complex phenomena such as spinodal
decomposition, dynamics near the equilibrium state, etc.

As aside result, we also derived the free energy of mixing
the Flory-Huggins without using a lattice model. We
further extended the free energy to treat Gaussian
fluctuations above the spinodal transition. Near the spin-
odals, which are given by det (Sg™! + V) = 0, higher order
fluctuations have to be treated, or alternatively one can
use the scaling approach that has been applied by Binder®
to such systems.

Appendix A

Here we derive the Flory—Huggins free energy from the
Edwards Hamiltonian, and we show that we have toinclude
combinational terms to find the correct expression. We
start from the partition function for a binary system
polymer (one component) + solvent

- = fH‘SP scge -B% ({oghicq)) (A1)

nn'

where n;, is the number of polymer molecules (chains) and
n, is the number of solvent molecules. The appearance
of np! and n,! in Z is due to the classical Gibbs paradox.
(Molecules of the same species are indistinguishable.) The
Edwards Hamiltonian # ({pg},{cq}) is given by

F ({pghlcy) = Z ('—+ W, )pqp_q+
a=0 (\8%q)

(l+ w )c c +2Wp‘°q _q} (A2)
€

where 8%q) is the bare structure factor of the polymer,
co is the solvent concentration, Wpp, Wy, and Wy, are the
polymer—polymer interaction, the solvent-solvent inter-
action, and the polymer-solvent interaction potentials,
{pq} are the concentration fluctuations for the polymers,
and {cy} are the concentration fluctuations for the solvent.
Note that this Edwards Hamiltonian (eq A2) as well as
those for the multicomponent systems used in the main
text, are also appropriate for compressible systems. This
has been shown implicitly in ref 24 and later in ref 25
where the corresponding structure factors for compressible
systems have been calculated. The limit of incompressible
systems can be taken by using infinite hard core potentials
as we have shown in ref 13. From the Hamiltonian we
separate first the q = 0 term, i.e.

BH = BHo(opce) + D_BH (o hicy)  (A3)

q>0

(l + W,,)c° +

o .
Wotono (Ad)

where N is the degree of polymerization of the polymers.

with

B o(pgice) = ( +W)
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The partition function is now given by

Z = ¢ = BP0 f T80 qscqe 2w todead = =8Fog-aaF

Q>0 (A5)
where
BF, = 8%, + log n! + log n,! (A8)
We know that
Py = npN / Q
Cp = ns/ﬂ (A7)

where Q is the volume of the system, which we put equal
to 1; i.e,, @ = 1. Using Stirling’s approximation

logn!=nlogn~-n (A8)
we find immediately
= Po, Po 2 2
BF, = N log N log cg + W00 + Wey + 2W 000

(A9)

which is the total free energy (without fluctuations) of the
solution. Calculating the free energy of mixing by sub-
tracting the proper reference state (see de Gennes,! p 71)
we find the classical Flory-Huggins free energy.

p
BFy = 3108 oo+ ¢olog ey + xpupeto  (AL0)

Appendix B

For readers who are not familiar with the functional
integral formalism, we derive eq 41b of the main text.

To find the contribution AF from the fluctuations for
the free energy of the Flory-Huggins type, we take from
Appendix A

X = = o, (1 0 arP—q
¢PAF = f [To0z00,e Eormemaa@/894¥2ms

q>0
= fnapqe'zq>020,qu'Mq"P-q (B1)

>0

We introduce new variables 73; by an unitary transfor-
mation

o= Z;U:‘ié (B2)

where U;k is an unitary matrix, which diagonalizes M.
Note that det U = 1, so that the Jacobian from the
transformation from pq to pq is one.

Thus, we get

e = f ].-.[6;’zacqe—z‘”Z’v'zu‘."lxuﬂa)‘uﬂﬂuw'k;-qk
Q>0

(B3)
where we introduce a new matrix

A= D _UPMIUT (B4)
A
which has now only diagonal elements, i.e.

A)\x = Aua)\x (B5)
Thus, we get

- . 1
e BOF = J‘ 1;!:5 ple TooTibuled = HHI‘: =

Q>0 «x

1 1
II = (B6)
det A, godetM,

Q>0

Macromolecules, Vol. 24, No. 16, 1991

since
det A=detM
because
detU=1
Thus, we find
e PAF = o~Eqrolog(detM) (B7)

and

1
BAF = ) log (det (—— + V)) (B8)
§ S%aq)

which is the fluctuation term in the Gaussian approxi-
mation.
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